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ABSTRACT 
A matrix characterization is obtained for the epimorphisms in the category of 
finitely generated free monoids. It follows from our result that it is effectively 
decidable whether a given morphism is an epimorphism. The corresponding question 
for monomorphisms has been answered in the algorithm of Sardinas and Patterson. 
1. INTRODUCTION 
In categorical (“arrow-minded”) treatments [l] of set theory and of other 
areas of mathematics as well, those familiar properties (injectivity, surjectiv- 
ity, etc.) originally phrased in terms of elements are instead formulated in 
terms of “arrows”. Researchers in category theory will speak of 
“monomorphisms” and “epimorphisms” rather than injective and surjective 
mappings. With the “arrow language” of category theory, one obtains a 
uniform presentation of ideas originating in diverse fields of study. Then if 
one is to apply any of the results of this theory to a particular instance of a 
category, it becomes necesssry to provide a local interpretation of each 
arrow- or morphism-formulated concept. We give just such a characteriza- 
tion, that for the epimorphisms in the category of finitely generated free 
monoids, a category of some interest in the theory of automata [1X3]. 
For the purposes of this paper, only a casual acquaintance with concepts 
from category theory is required. The content of the first chapter of either 
[4] or [5] is more than adequate. Instead, and somewhat unexpectedly, it is a 
fundamental result in linear algebra which leads the way to our characteriza- 
tion theorem. 
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2. THE CATEGORY OF FINITELY GENERATED FREE MONOIDS 
We consider the category of finitely generated (f.g.) free monoids and 
their monoid homomorphisms. Thus an object Z* will consist of all finite 
sequences or words on a finite alphabet 
~={or,oa,..*,e,} 
together with concatenation of words as the multiplicative operation and a 
“null” word as the identity. Letting the non-negative integer 1x1 denote the 
length of the word x, each length function I (x) = llX1 is viewed as a morphism 
of the category. 
Z:z*+{l}* 
In this context, we will need a technical lemma whose proof follows from 




and if u(y)=w(y), then u(a)=w(a) fur each symbol 
word y. 
Proof. Writing y = ai. . ’ a . - . Elk and assuming that 
u(Y)=“(a,)...v(a)...u(a,) 
=w(a,)...w(a)...w(a,)=w(y), 
a occurring in the 
we use the hypothesis that Iv = Zw to conclude that the prefixes u( a,), w (a,) 
or suffixes v (a,), w (a,) are the same length, and hence equal as words of I*. 
Canceling these and using induction, we obtain u (a ) = w (a ) for an arbitrary 
symbol a occurring in the word y. n 
3. THE CHARACTERIZATION THEOREM 
In the sense of category theory, a morphism u : Z*+A* is an 
epimorphism if it is right-cancelable, i.e., if 
vu=wu. * v=w 
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in the scheme 
z*:a*$*. 
W 
Dually, u is a monomorphism if it is left-cancelable. If IZI = n and [Al = m, 
we are led to consider the n X m matrix U= (t+) whose entries are the 
non-negative integers: 
uii = number of occurrences of aj in u ( ui). 
THEOREM. The monoid homomorphism u:Z*-+A* is an 
iff rank U = m. 
Proof. Suppose rank U < m. Then the system of equations 
5 uiixj=O (l<i<n) 
j=l 
has a non-trivial solution (xi, x,, . . . , x,,J which we may take 
integers. Choosing non-negative integers 4, wi with 
vj - wj = xi (l< i < m), 
we are able to define two distinct maps v, w : A-+l’*, 
v ( aj ) = 19, w ( aj ) = lwf, 
qkwrphism 
to consist of 
for the case r = {l}. Consequently v # w for the unique extension to monoid 
homomorphisms v, w : A*+l?*. But vu = wu, because 
for all ui EZ. Thus u is not an epimorphism. 
Conversely, if rank U= m, then the system Zu,,xj = 0 has only the trivial 
solution , If we suppose uu = wu for monoid homomorphisms v, w : A*+lY* 
over any alphabet r, we have L)u(u~) = wu(u,) for each i = 1,2,. . . ,n. Count- 
ing the number of symbols in the words VU (a,) or w(u,) and recalling the 
definition of the uii, we obtain 
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Subtracting, we have 
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o= IS qb(aj)l - Iw(aj)l); 
and by the hypothesis on U, 
(i=1,2 )..., m). 
Since this implies Iv = Iw, it follows from the lemma that 
for all symbols a, occurring in the u(uJ. But if some ai did not occur, we 
could not have had rank U = m. Thus v = w, and u is an epimorphism. n 
4. CONCLUDING REMARKS 
We have given a matrix rank characterization for the epimorphisms in 
the category of f.g. free monoids. From this result, one can easily construct 
examples of non-surjective epimorphisms. 
In addition to the theory of automata, homomorphisms of f.g. free 
monoids play an important role in the algebraic theory of codes [6]. In this 
theory, the injective mappings are of special interest because they corre- 
spond to the “uniquely decodeable” codes u : Z*+A*, where u(x) = u( y) * 
x= y. In our category of f.g. free monoids it is easily shown that the injective 
mappings coincide with the monomorphisms. For this reason, the algorithm 
of Sardinas and Patterson [7,8] shows that the question whether a given 
morphism of the category is a monomorphism is effectively decidable. As a 
corollary to our characterization theorem, we are able to say that the dual 
question concerning epimorphisms is also effectively decidable. One simply 
computes rank U according to standard methods and decides accordingly. 
REFERENCES 
1 M. Arbib and E. Manes, Arrows, Structures, and Functurs: The Categorical 
Imperative, Academic, New York, 1975. 
2 D. B. Benson, An abstract machine theory for formal language parsers, Acta Znf. 3 
(1974), 187-202. 
3 J. A. Goguen, Discrete-time machines in closed mono&l categories, I, J. of 
Curnput. Syst. Sci. 10 (1975), 1-43. 
EPIMORPHISMS OF FREE MONOIDS 205 
4 S. Ma&me, Categories for the Working Mathematician, Springer, New York, 
1972. 
5 B. Pare@, Categories and Functors, Academic, New York, 1970. 
6 M. Nivat, Elements de la theorie generale des codes, in Automata Theory (E. Il. 
Caianiello, Ed.), Academic, New York, 1966. 
7 A. Sardinas and C. Patterson, A necessary and sufficient condition for the unique 
decomposition of coded messages, IRE Intern. Cow. Rec. 1, Part 8 (1953), 
164-108. 
8 G. Bandyopadhyay, A simple proof of the decipherability criterion of Sardinas 
and Patterson, hf. and Control 6 (1963), 331-336. 
Received March 1971; revised 5 September 1975 
